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ABSTRACT

Theoretical stability derivatives are determined for a slender
missile through use of the concept of inertia coefficients of its
cross section. The inertia coeflicients are determined by the
velocity potentials for two-dimensional motion of the cross section
in two mutually perpendicular directions and for rotation about
an axis perpendicular to the cross section. The inertia coefii-
cients are derived for the cross section of a configuration con-
sisting of a slender body of revolution with low aspect ratio wings
and unequal vertical tails.

INTRODUCTION

MUNK,1 JoNES,? AND SPREITER?® have shown how to
estimate the aerodynamic forces on slender fuse-
lages, wings, and wing-fuselage combinations by con-
sidering the flow in planes perpendicular to the wing or
fuselage axis to be uninfluenced by the change in the
component of fluid velocity parallel to this axis. Munk
and Jones made use of the concept of the apparent ad-
ditional mass of the cross section in a two-dimensional
flow to find the lift and moment due to angle of attack.
This concept is enlarged upon here to include all six
of the inertia coeflicients of the cross section, utilizing
them to find all the stability derivatives (except the
axial force derivatives) of the three-dimensional con-
figuration.

Consideration is limited here to configurations where
the aft end of the fuselage and all wing trailing edges lie
in a plane perpendicular to the long axis of the configu-
ration. Extension to cases where trailing edges occur
ahead of this base plane can be made by considering
the effect of the vorticity shed from these edges as
shown by Jones.

Received November 18, 1952,

* Research Engineer, Guided Missile Luboratories

INERTIA COEFFICIENTS OF THE CROSS SECTION

Consider a slender bodyT moving through an infinite
fluid medium. By ‘‘slender’” we shall mean that the
maximum dimension of any cross section of the body is
small compared to the length of the body and that the
dimensions of the cross section change slowly with dis-
tance along the length of the body. Let x,y,z be axes
fixed relative to the body with origin at the center of
gravity of the body and with the x-axis in the direction
of the length of the body (see Fig. 1). We consider
only those motions of the body where the instantaneous
velocity vector of any point in the body makes a small
angle with the body x-axis. Let £, be axes such that

t We shall use the term ““body,”” henceforth, to mean a general
aerodynamic shape that includes wings, fuselages, wing-fuselage
combinations, etc.

t\

& = 0 PLANE, FIXED
IN FLiD ™ <

P

Coordinate systems used in the analysis.
fixed in body.

Fig. 1. X,Y,5 dXes

1048



BRYSON

the £ = O plane is a plane at rest with respect to the
fluid far away from the body and such that the £-axis is
parallel to the x-axis at the instant under consideration.
Let the 7,{-axes be the projections of the y,z-axes onto
the £ = 0 plane.

We approximate the three-dimensional fluid flow
around the body by considering the fluid in the -¢
plane to be incompressible and the fluid motion to be
two-dimensional—i.e., uninfluenced by any part of the
body or fluid which does not lie in the 5-¢ plane. The
motion in the 7-{ plane is thus a nonstationary motion

B j[
©1
Ay, Aw, Ag 1
[A] = [Ap, Adn Aw| = — S f 1
Av, A As

and

S = a reference area

D = a reference length

p = fluid density

@1 = potential due to a unit velocity of the
cross section in the g direction

@2 = potential due to a unit velocity of the
cross section in the ¢ direction

©3 = potential due to a unit angular velocity

of the cross section about the £-axis

velocity of the cross section in the 5 di-
rection

The yawing moment and pitching moment per unit

length are given by
n' _ x¥’
—m' - xZ’
Now 77 is a function of v, w, p and the six inertia coef-

ficients. Thus 7" can change with time in two ways:
(1) by a change in the motion of the cross section and

(4)

)] o]
( ! v (
S _d)or _
Z = dt| ow TP
, o1
L L op ] L
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induced by a two-dimensional body (the three-dimen-
sional body's cross section) whose velocities and shape
change with time.

The kinetic energy of the fluid in the 5-¢ plane (ac-
tually a kinetic energy per unit distance normal to the
n-{ plane) is given by*

7

1" = pSlv, w, pD]A]) ()
pD
where the symmetric matrix |4 ] is given by
Op Oy i d¢s , |
— ds, —ds, — — ds
On“ f%an“ wabn“
a(pg Ow 1 O&P:i
15, 2 o ds, 2 = s 2
on fwm” Df”m" @
¢ ds : O ds 1 O 1
- R N 2 T ~<, o - ( \‘.
on D “ on D, MY N
w = velocity of the cross section in the ¢ di-
rection
b = angular velocity of the cross section

about the ¢-axis

§( )ds

The dimensionless quantities 4, we shall call the
inertia coefficients of the cross section.

the line integral around the boundary of
the cross section

THE FORCES ACTING ON THE Bobpy CROSS SECTION

The aerodynamic sideforce, downforce, and rolling
moment per unit length on the body at any given cross
section are given by*

o7 | ] o]
— 0 0
ow
o7”
— + w 0 —-v{ O (3)
ov
07" 07"

0 - :

N or | *bwj
(2) by a change in the shape of the cross section.

Furthermore, the motion of the cross section can change
in two ways: (1) by a change in the linear velocity of
the c.g. of the body and (2) by a change in the angular
velocity of the body. Thus,

v = gL + rxl

al’ — gxf (5)
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where VAN m " dv ]
htell . b
o = angle of attack of the body }linear velocities ov dt
- . ; ; ¢ : d o7’ e\ . Tw .
B = angle of sideslip of the body! ; o = S |:f[ j| w |+ pS[A] ‘7[ 7)
= pitching angular velocity of dat w dat ¢
the body . 107" dp
. y S D D L
r = yawing angular velocity of angular velocities D op _;D N | dt ]
the body From Eqgs. (5) and (6) we see that
U = forward velocity of the body _
d B R T
All five of these quantities are functions of the time dt BU A BU + 7x = Ur
alone. duw .
The inertia coefficients are functions of x, since the dt al”+ ol — gx+ Ug (8)
shape of the cross section changes with x. There-
fore, D (%P Dp
( —_ L -
(d’dty = (d°ot) — U(0/0x) (6) o )
Substituting Egs. (1), (6), (7), and (8) into Eq. (3),
Since [A] is a symmetric matrix, we have, finally,
i (8D UD D% x| i rD x|
| ub | s Dy
[ + 8 [ + [* D \ B8+ ' D
D ‘ D D ¢D? — D .
Ddzle —a @y o 02T N e - -
pl S L I > D o] D U D
!’ pD? rD
W2 L o ] B U B
F,B n rD x
U D
j< rD x) < gD x\ pD } gD x
< —— | [E - F — (G — 9
s+ 25 E+ (a =)+ @« - 40 T
pD
L
0, 0, 0 force Z, the rolling moment /, the pitching moment m,
(K] = 0, 0, 0 and the yawing moment # can be found to second order
A, Ao, A interms of @, 8, p, ¢, 1, &, B, P, ¢, #, and U.
L J
"0 0 0 1 We shall define force and moment coefficients as
(F] = — 0, 0. 0 (10) follows:
A”’ Al'l! Alﬂ_ ICY; CZ; CI| Cmy Cn] =
——Al2l _A22J _A‘.’.Zi—ﬂ . D,,”, /D [}/" Z’ l’, m,’, n’} d <x> (11)
G] = An,  Awn, A (12028 J_win "D D D D
L 0, 0, 0 |

THE ToTAL FORCES AND MOMENTS ON THE Boby

By integrating Egs. (9) and (4) with respect to x
over the length of the body, the sideforce }, the down-

where x, = distance froin the c.g. to the nose of the
body and x, = distance from the c.g. to the base plane
of the body.

Integrating Eqgs. (9) and (4) and using the definitions
of Eq. (11), we have, finally,
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] B rD x, | 8D UD7]
Cy 8 — U D r + B [
- gD x, wu/D <x> aD UD
C.| = —2[A — = 2 Ald{ - —
Al LD ./:.w./l) 4] D) U T ?
D D
CI pﬁv p o)
L L L ] [

|V}

/D rD x . qD x
f {<5 T 5) LT+ (a 0 5) 7] +

S () ()| -
B —xb/D D D U L

B 7] 7’D xb_l B 7]
Cn D g
X - qD X xn/D <x>
- =224 i ) ) Ald (- —
Cn p Allet i p IW,) [Ald{p)| «
D D
Co = o
L L v LU
8D D UD7]
SRR h

UD /D x> x> gD?
-2 A=) a(Z) ] - -
* e /,WD [ ]<D ‘ <D L
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xu/D ; ; D2
~ 3 f (A17 d (”) I
— /D 1) D l -

-
B8
2/ D rD x .
o7 Al )
pD
U
-
{
7 4 PP }ﬁ (i _b
m+ PR e pa(p)) - ) o
0
[ #D?

where (~) indicates the value in the base plane and the quantity C, has no physical significance.
Example: Consider the flat delta wing of span & and chord ¢. Here,

0, 0, 0
o, "%
4] =] 45
0, 0, =~
64 SD?

For simplicity we let S = (w/4)5? and D = b, then,

l 0
| L
PP i [ pD D]
& Uou
L Y <x> <x> _pDgD|
v ‘/_-x,,/,) GI\p) \p vl
() o
L\ O/ ] L |
§b = b[(x, — x)/c] (14)

where l

C=xn+xb
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[A] = ]0, <;>2, 0 , [E£] =10, 0, 0] [G] =0, 0, 0 (15)

and [F] vanishes.

Carrying out the integrations indicated, we find, from Eqgs. (12) and (13),

SR N A i
C. = Ki(pD/U)a — Ku(pD/U)(gD/U)

1 /c\? 2 ¢ x
K = -[-) =222
Yo (D) 3D D
1 /¢\? 1 /c\? x, 2 ¢ x,,)2
[(') = - - - - — D —
* T s <D> 3 (D> Y <D

These expressions contain all the terms of reference 5 and a few more. It is interesting to note that the sideforce
and yawing moment terms that arise due to leading-edge suction are taken care of very simply in this method of

analysis.

THE STABILITY DERIVATIVES

Let us denote derivatives in the following manner:

[( )m ( )B! ( )17! ( )11: ( )rr ( )a’u ( )B! ( )[ﬂ ( )QI ( )71 ( )U] =

o o o o o 0 o] 0
) ) D ’ D ) D ’ D ’ 'D”y D2 y T o\ ? | 2’ . 17
°““°(”>a(“>aC7>aC¥>bG’)an) @D) (2 C”) "
L L L L U L U
All of the derivatives are evaluatedat a = ,8 =p=q=r=p=¢=¢t=U=a=8=0 (although some

other equilibrium condition could, of course, have been specified).

From Egs. (12), (13), and (17) we see that we can obtain 55 stability derivatives. They are given as follows:

Crgy Crya C)',,:| x‘§11, “:1__1:, %13 0/ D 0, 0, A x
Czd, CZa’ CZp = —2 A412, 1433, ‘4-_)3 + 2a f O, 0, _Am d <*) (18)
Cis, Ciras Cl,, A, ;1-_:;{, A /D A,-A m, 245, Ay D
—Cr,, Cy, x| A A wp | 0 0 x /x
—Cry Crp|= — 2 ‘b— :’}12, .L};g‘_) — 2« / 0, 0 B d (5) (19)
—Cy, Cy A, A /D A-Ay, 245

Crlﬁ' Cnay Cllp} — ) [Allv /.4__]2, :?13} o /.\‘u/D [Ally Al’ A13J d
- Cmﬁ: - Cmaa - Cm,; 41’ A!Q; 4423 - —xp/D Al?.; Agg, A23

o [P0
Za
—xp/D 0; O,
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_Cnn qu — 9 ﬁ 2 /-Ill’ A?l'l + B /D All) Al? ,v d ﬁ (91)
Cmr) Cmq - D AIZJ A2‘3 - —xn/D A 12y A 22 D D -
Cvgy Cray Gy %/ D An, A, A x
Crpr Czar Cyp|= — 2 f A, An, An|d <5> (22)
Ci Cu Cy WD Ay, An, As
Cen —Cg o [An Aw] . o
Cui, Cop| = — 2 f A, Ax D d (5) (23)
Cy, —Cy /D Ay, A
Cos Cre Cnﬁ:I - _ v /D Ay, A, X (7) (24)
- Cmév Cma'u - Cmﬁ - —abn/D Al?; A 22, -D D
C,,,,', Cm(} B - —xu/D Al‘.’) A22 D <2
Cry w/p | A x
Cli/ — 20( / A22 d <*> (26)
C“/ —ap/D ‘423 D
Cn' } > fx"/D [Al'l} x <x> -
vl = —2 —d\|— 2
[_C,,,i/. @ —x/D A22 D D ( /)

Thus, in general, for a body with a cross section with no symmetries, 14 integrals must be evaluated,

Xn A ’ A 2y A 4 " : — 9
/‘ W/D 011 Al) A: ; (i) /.w/n |:Au, A, Am:l x (x) fwn |:A11, A”j| <{>_ . <x>
—axp/D 0’ 0’“, Ass D ’ J —x/D 0, Agg, A23 D D ’ —x/D 0, Agg D D

For a cross section with one plane of symmetry (such as almost all present-day airplane and missile configurations),
A = Ay = 0, and, hence, only nine integrals must be evaluated. For a cross section with two perpendicular
planes of symmetry, A;; also vanishes and only seven integrals must be evaluated. If the cross section is the same
when rotated 90° (such as a cruciform missile configuration), then, also, A;; = As and only four integrals must

be evaluated.

It is interesting that the only stability derivatives that require a knowledge of 3, the potential due to rolling,

are Cy,and Cy;.

CZB = C)'a, Cmr = Cnm
Cm[i = - Cnay C/,S = CYc'xy
CZ; = —C)'qy Cms. = _Cnd =
and, in addition, when a« = 0, C;g = Cy,and C, = Cy,.

A SLENDER WING-BODY-VERTICAL-
TaiL CONFIGURATION

APPLICATION TO

The method described above is applied here to find-
ing the longitudinal and lateral stability derivatives of
a configuration consisting of a slender body of revolu-
tion with low aspect ratio wings and unequal low aspect
ratio vertical tails (see Fig. 2). The cross section of the
configuration is mapped conformally onto a circle in
order to determine the velocity potentials for the low-
speed two-dimensional motion of the cross section. The
inertia coefficients of the cross section are then deter-
mined, leading finally to the stability derivatives of the
three-dimensional configuration.

—Cy =

Also, because of the symmetry of [4 ], we find that

Cmf = Cnd, C)'r' = Cné
Clé = CY,;) Cmd = CZ&
i C Y§s Cld = CZ;}

CONFORMAL MAPPING OF THE WING-BODY-VERTICAL-
TarL Cross SECTION ONTO A CIRCLET

The cross section of the body is shown in Fig. 3. It
consists of a circle with two equal opposing fins and two
unequal opposing fins at right angles to the equal fins.
The plane of the cross section will be called the w plane.
The conformal mapping of the exterior of the finned
circle onto a circle is most easily seen in terms of three
consecutive simpler mappings:

(1) First the w plane is mapped onto the £ plane by
a Joukowsky transformation that “flattens” the circle,

t The author is indebted to R. H. Edwards for pointing out
this transformation to him.
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£E=w+ (a*/w)

(2) Next the “slit” £ plane is mapped onto the Z
plane by the transformation

£ =7 — ¢t

(3) Finally, the “flat plate” along the real axis in the
Z plane is mapped onto a circle in the { plane by a trans-
lation and another Joukowsky transformation,

Combining these three transformations, the mapping
of the finned circle onto a circle is

v g (e Y 2 | S (Gl DNl
c+<w+w>—[ 5 + ¢+ 16{‘:] (28)

On the boundary of the contour,
= [(h + 1) 4]e”
:t_[:‘(h _f.+ h+fc050)2 — !+

2 2

Z

It —

w =

(29)

where the plus sign holds for the right half of the w
plane and the minus sign holds for the left half of the w
plane.

The angles in the ¢ plane are given by

20k — Ve 4 daY)

C050(|:

h+f
cosfy=1—[2(h —c)/(h + f)]
cos b, = 1 — [2f/(h + f)] % (30)
cosbs =1 — [2(f —o)/(h + )]
cos 6, = 1 _2f—\/c-+4a-)

h+f )

The expressions for ¢, k, and f in terms of a, s, 4, and
ty are

¢ = s[1 — (a¥'s?)]
- d(]_cf)'-’“_,(wqf)é
;= s e 1 e (31)
Nl
5" tg“

It is easily seen that the cross section of the configura-
tion considered can be specialized to twelve particular
cases; these are shown in Fig. 4. The mapping can be
easily extended to the case of a fuselage with elliptical
cross section by first mapping the ellipse onto a circle
by a Joukowsky transformation and then proceeding
as above.

BRYSON

| .

[\

CENTER OF
GRAVITY
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/

F1c. 2. Slender wing-body-vertical-tail configuration.

THE INErRTIA COEFFICIENTS OF THE WING-BoDY-
VERTICAL-TAIL CROSS SECTION

The expressions for the inertia coefficients of the cross
section are given in Eq. (2).

Because of the plane of symmetry of the cross section
under consideration here, we see that

A12 = A23 = 0 (32)

The vertical fins do not affect the tnertia coefficient
A, since they lie along stream lines of the flow. Hence,
the case of no vertical fins suffices to find Ag. This
has already been done by Spreiter.? The result is

25\? a®  at
A”:<D> <1“E+§>

The expression for Ay is worked out in Appendix
(1). The result is

1(h +f\? : 28\*

9
G()\, ﬂ) = = [1 - <COS>\ + €os M) ]
™
)Ty ) -
SQS)\"I-COSM

k| — [K(k) — Eo(k)] X

2 cos — cos -
2 2
> + F(——i‘, k)]} (35)

(33)

Z

[# (52
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T

ot (esveras?) | WP

G F Eflc B A
L—Zd—— ——204—3
leet— fz_cz — e hz_cz —_ =
|
Z PLANE
G F E D C B A

-

r— C—otes————(C
~—— Vc?taa? Ve%taa?

f - h
F1c. 3. Conformal mapping of cross section onto a circle.
and ¢ de . )
Flo, k) = —===——==— = incomplete ellip-

A I . o V1 — Sll;l ©
k = tan §tan 5 (note0 < k< 1,since 0 <A< tic integral of first kind

1,0<p< 7 =)\

9’

K(k)

F(T k) = complete elliptic integral of
B = V11— B first kind

® N T ) A graph of the function G(A\u) is shown in Fig. 5,

Ele, k) = o 1 = k*sin® ¢ (de = incomplete and a table of values of the function is given in Table 1.

elliptic integral of second kind) A discussion of the function is given in Appendix (1).

The expressions for 413 and Aj; cannot be given in

. T .. terms of tabulated functions. The expression for Ags
Eo(k = E\{—-, k) = complete elliptic integral of . ; ; : :

o(k) (2 ) P P 5 will not be given here, but 4,5 is worked out in Appendix

second kind (2) The resultis
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2D

™

2a\* ' 1 /h 3
<(L> 1+ f (sin 8, + sin 6, — sin 03 — sin 6) — — <if> {Z(Sin 6y — sin 0, + sin 83 — sin ;) —

; (sin® 6, — sin® 6; + sin® f; — sin® 6;) — (cos 6y + cos 6, — cos ;3 — cos 8;) X

24

1 1
|: (6o — 0, — 6; + 65) + 1 (sin 268, — sin 28, — sin 260; + sin ‘204)] +

E (cos 6y + cos 0, + cos 05 + cos 8,)(cos 8y — cos 8, + cos O3 — cos 8;) X

(cos 6y — cos 8, — cos O3 + cos &) -+ 201(B, 6, 63, 84) + 211(8,, 6,, b4, 03)} (36)

where

H(a, 8, v, 3)

= II*(a, 8, v, 8) + II*(5, v, 8, &)

H*(a, 8, v, 8) = f \/(cos 6 — cos a)(cos 8 — cos B)(cos § + cos 'yi)zéos 0+~c~os 6)7 cos 6 d8
0

(37)

The value of I7* can easily be determined numerically for any particular cross section, since the integrand has no

singularities.

THE STABILITY DERIVATIVES FOR A WING-Bobpy-
VERTICAL-TAIL CONFIGURATION

The stability derivatives for the equilibrium condi-
tiona=a,8=p=q=r=a=8=p=§=+#=
UV = 0 can be obtained by substituting the expressions
for the inertia coefficients into Eqgs. (13) through (27).

In general, the integrals involving 4y and A3 will
have to be integrated numerically. The integrals in-
volving A, can often be integrated in simple forms be-
cause of the simplicity of the analytic expression for

Aos.

It is interesting that for ¢« = 0 the only stability de-
rivatives that depend upon the distribution of the inertia
coefficients with x are C,,, Cug Cu, Cuy Cuy and all
derivatives with respect to &, 8, D, ¢, 7, and . All the
other stability derivatives depend only on the values of
the inertia coeflicients in the base plane. Furthermore,
the important quantities C,, — Cg, and C,, + Cng
depend only on the values of 4,; and A, in the base
plane; in fact,

xy\? - X
Cnr C?Iﬁ - 2 <Bb> All (5) CY[«}
Cmq + Cmd -2 <%>~ AQ'Z <%> CZa

This means, for example, that the damping of the
short-period longitudinal oscillation depends only on
the geometry of the base plane. If 7 is the time to
damp to 1/e times the undamped amplitude, then

4w
o= -

D2 D\? ,
gp U L—L[*Cza - <r> (Cmq + Cmd):l

e (- T Y1)
ke RS ,

where W = weight of the missile, » = radius of gyration
of the missile about the y-axis, and g = acceleration due
to gravity.

()
N

O O

(a)

@

(d)

(b) (c)
(e) (f)

.0

(h) (i}

(N (k) n

F1c. 4. Special cases of general cross section.
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o 6 (A p)= GAuI+G( g\

A
T NE -;2.— S V (cos8 - cos\) (cos 8 + cos ) cos§dB

Fic. 5. Plot of G(\u).

Appendix (1)

INeErRTIA COEFFICIENT A1y

Referring to Fig. 3, we wish to find the inertia coefficient (apparent additional mass coefficient) for motion of the
cross section in the w, direction where w = w, + 7w,. The velocity potential for unit velocity in this direction is

¢1 = RI{—i(¢ — w) + <[(h + f)?/16¢]}

where

b= h+ D7 _ L, ( _>
[2 + ¢+ 16;]_6+ w+

On the boundary of the cross section ¢ = [(k + f)/4]€”, so the potential there is
e = [(h+ f)/2]sin 8 — w,

w; + twy, = % li‘ﬂ [\/(cos 6 — cos 8y)(cos 6 + cos 8,) + \/(cos 6 — cos 8;)(cos 8 + cos 6;) ]

4

The inertia coefficient is given by

1 Q¢ 4
Ay = — Sf @ é;l ds = — ngf eidw,

(1)

(2)

(3)
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TaBLE 1
The Function G(A\,u) = G(u,\)
N p 0° 10° 20° 30° 40° a0° 60° 70° 80° 90°
0° 0

10 0.015 0.030

20 0.059 0.074 0.117

30 0.129 0.143 0.185 0.250

40) 0.220 0.234 0.273 0.334 0.413

50 (r.325 0.338 0.374 0.431 0.503 0.586

60 0.437 0.449 0. 482 0.534 (). 599 0.673 0.750

70 0.549 (}. 560 0. 590 0.635 0.693 0.757 (1.823 (). 883

80 0.655 (). 665 0.690 0.730 0.779 0.833 0.886 0.933 0.969

90 0.750 0.757 0.779 0.812 0.853 0.897 0.937 0.970 0.992 1.0
100 ().829 0).836 0.853 0).880 0.912 0.945 0.973 0.992 1.0
110 0.891 0.897 0.910 0.931 0.955 0.977 0.993 1.0
120 0.937 (.942 (3.951 0.966 0).982 ().994 1.0
130 0).968 0.971 0.978 0).987 0.995 1.0
140 0.986 (). 988 ().992 0.996 1.0
150 0.995 0.996 0.998 1.0
160 0.999 0.999 1.0
170 (}.999 1.0
180 1.0

From Eq. (2) we see that

\/(cos 6 — cos 8y)(cos 6 + cos 8;) + V (cos 6§ — ccs 6))(cos 8 + cosf;); 0 < 0 < 6
: r—0,.<8<r
\/(cos 6 — cosB)(cos@ + cosby); <0 <b; 1 —06, <0< 71— 0, (4)

I
e )
4
0; 6,<6<L6;

Also, it is easily seen that

fwg dw, = =a* (5)

Substituting Egs. (2) and (4) into Eq. (3), integrating by parts, and changing integration variables in the last two
integrals, we have

1/h \ 2 %
Ay = - <*+'/<> [f \/(cos 6 — cos f,)(cos 8 + cos 8,) cos § d§ +
™ D o
8, o I [ 0; -
\/(cos 6 — cos 6;)(cos 8 + cos 8;3) cos 8 d6 + \/(cos 6 — cos 0;)(cos 6 + cos 6;) cos 8 df +
0 0
8, S a\?
\/(cos 6 — cos 6,)(cos 8 + cos 6y) cos 8 dﬁ:] -2 <5> (6)
0
Hence,
1/(h 2 2
w= (’%f) (G @y, 8) + G(6, )] — 2 (;;) (7)
where
G\w) = G*(\u) + G*(u,)N)
(8)

2 M
G*(\u) = — f \/(cos 6 — cos N)(cos 8 + cos p) cos 8 d6
kig 0 J

where ) <K A< 7and 0 <u<7— A\



BRYSON

The function G(A,u) can be expressed in terms of
complete and incomplete elliptic integrals by a lengthy
manipulation, leading to Eq. (9) in the text.t

Note that G(A\,u) = G(u,\). If u = 0, then & =

£’ = 0, and
G(A\0) = 1 — cos* (\/2) (9)
If p = 7 — A thenk = 1,k =0, and
G\, 7 — Q) = (10)

If A = u, then
G(A\N) = sin® A (11)

It is easy to show that the contour lines of constant G
have the following slopes (see Fig. 5):

0; =0
d\/duy = <—1; N = u (12)
o; A =0

t The author is indebted to H. A. Linstone for working out this
expression.
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Two particular cases are easily worked out in elemen-
tary functions. (a) f{; = t» = ¢, corresponding to Fig.

4b:
RIAE a’ a?
Ay = ()1 ==+ 13
e
which checks Spreiter’s result of Eq. (7).
(b) a = 0, t; = 0, corresponding to Fig. 4k:
f 5 ]
An:(‘)( +°*\/1+f,> (14)
t tl'

o

Ay = <§> as h — o, corresponding to a flat plate
s
tl 2 S .
2 D as . — w, corresponding to a flat plate
1

in presence of an infinite end plate on one
end

Appendix (2)

INERTIA COEFFICIENT A3

The expression for Ai; is

Ao = ~('SD) § (@or/om) i

h 1) T —fs - (1)
A = — - <_ f 1w dwy, + f oWy dws — f o0, dw1>
D3 #=0 9=8 o r by
where
e = [(h 4 /2] sin b — w, ]
R h —{— f l
T [V(COS 6 — cos ) (cos 8 + cos 8s) + V/(cos 8 — cos 6)(cos 8 + cos 01)] i
for0 <9 Lband v — 8, < 8 < m; )

h
w! = —L( N ,> [\/(cos 8 — cos y)(cos 6 + cos 8;) + \/ (cos 01 — cos 0)(cos 6 + cos 01)]

fort, <6 < 7 — 6.

J

Substituting Eq. (2) into Eq. (1), integrating by parts, and manipulating, we finally arrive at Eq. (10) of the

0—Eq. (10) simplifies greatly, since 8, =

#, and 6; = 8, for this case:

text.
For the special case of no body—i.e.,a =
1 (b + N\ . _ 1 1
A = —;( D >{sm00—+—sm€4 - 3sm 6y — 3sm 0s +

1
(cos 8, — cos b)) |:‘) (8o — 6) + -
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